Abstract. The observed density field in redshift space is directly affected by the radial motions generated from mass fluctuations outside the volume occupied by a given galaxy redshift survey. These motions introduce redshift space anisotropies which are more pronounced at larger distances from the survey's center, thus offering clues to the nature of mass fluctuations on super-survey scales. Furthermore, we note that all estimates of the growth factor derived from redshift space distortions are based on relations which explicitly assume that the velocity field is generated by mass fluctuations inside the survey volume. This may cause uncertainties in these estimates which are on the order of a few percent.
Introduction
The backbone of the Big Bang scenario is the cosmological principle which we interpret here as the approach to homogeneity on the largest physical scales. 1 To be more specific, we shall statistically quantify the approach to homogeneity in terms of a decreasing clustering amplitude versus scale, as described by hierarchical clustering via the usual correlation functions [4] . If the galaxy distribution is given in real-distance space, then correlation functions indeed probe only the matter distribution inside a given survey volume. However, observed galaxies are placed at their redshift coordinates which differ from the real distances by the line-ofsight component of the peculiar velocity field V = v ·x, giving rise to what is commonly described as redshift-space distortions [5] [6] [7] [8] [9] . To first order in v, the continuity equation then implies that the density field δ s , which is inferred from the galaxy distribution in redshift space (hereafter s-space), includes the radial part of the divergence of v, i.e. ∇ · (Vx), in addition to the full divergence ∇ · v which is proportional to the density field in real space. In linear theory of the standard gravitational paradigm for structure formation, the velocity field is proportional to the gravitational force field which is generated not only by matter fluctuations inside the survey volume, but also by external matter. Hence, unlike the full divergence which gives the local real-space density, the radial divergence actually depends on the external mass distribution. A signature of this dependence should be imprinted in the s-space mass density as inferred from a redshift survey, allowing one to probe mass fluctuations on scales larger than the size of the survey itself. Accessing these mass fluctuations on "super-survey" scales thus offers an assessment of both the cosmological principle and the fundamental physics of structure formation on these scales.
In the absence of any preferred direction or location, the real-space density is a homogeneous and isotropic random field. However, the corresponding s-space galaxy distribution is anisotropic due to the additional line-of-sight displacement from distances to redshifts. Therefore, traces of the external mass fluctuations would most easily be found in the apparent anisotropy of structure in s-space. As quantitative measures, we will consider moments of the s-space correlation function, i.e. ξ ss (x, y) = δ s (x)δ s (y) , with respect to the angle between y − x and (x + y)/2. Although we shall adopt standard gravity to describe the effect of external mass fluctuations, the general approach presented below is applicable to alternative theories since in any such theory, the velocity field is likely a result of the cumulative mass distribution as well. Hence, the effect can, in principle, also be regarded as a probe of the underlying gravitational theory itself.
The outline of this paper is as follows: we begin with a description of the basic equations in section 2. In section 3, we consider a full-sky case in which the observer is situated at the center of a finite-size sphere which is assumed to represent the survey. Expanding the relevant fields in terms of spherical harmonics, which offer a convenient representation of the velocity field generated by external mass fluctuations, we then present two examples which can be worked out analytically, and also explore the effect of external fluctuations on the s-space density correlations within the standard ΛCDM cosmology. In section 4, we will be concerned with the distant observer limit. In this case, we will assume a spherical survey geometry of radius R such that R/D ≪ 1, where D is the distance between the observer and the center of the survey. Note that this configuration is more relevant to future, planned data products. Again, we will work with spherical harmonics (defined with respect to the center of the survey region rather than the location of the observer), and further estimate the effect of external fluctuations in this limit using a random realization of the density and velocity fields for the ΛCDM model. Finally, we discuss possible implications for Fourier space analysis in section 5.
The basic equations
We shall adopt the following notation: the scale factor normalized to unity at the present epoch is a(t) = 1/(1 + z), where z is the redshift and H(t) =ȧ/a. The comoving coordinate and the physical peculiar velocity are denoted by x and v = adx/dt, respectively. The mean density of the Universe is given by ρ m (t) and Ω m = ρ m /ρ c , where ρ c is the critical density. The real-space density contrast reads δ(t, x) = ρ/ρ m − 1 and its linear growing mode is expressed as δ(t, x) = D(t)δ(t 0 , x) [4] . The growth factor of linear fluctuations is defined as f = d log D/d log a, and the comoving distance to an object at redshift z is given by x(z) = c t 0 t(z) dt ′ /a(t ′ ). For simplicity, we restrict our analysis to the Newtonian equations of motion for the evolution of large-scale structure [e.g., 4], ignoring the general relativistic terms in the relation between the density and velocity fluctuations [10, 11] . We also assume that linear theory is valid on the large scales considered below.
The observed redshift z obs of an object is related to its cosmological redshift z through
where V = v ·x is the radial peculiar velocity. Note that we have neglected shifts due to the peculiar gravitational potential and assumed that all redshifts are measured with respect to the rest frame of the cosmic microwave background (CMB) [12] . The comoving distance estimated from z obs is then
Therefore, we define the comoving redshift coordinate as
Let n s (s) and n(x) be the number densities of galaxies in s-space and real space, respectively, where s and x are related by the mapping given in eq. (2.3). Introducing n as the mean number density of galaxies in the survey (assumed to be the same in both spaces), we write n s (s) = n[1 + δ s (s)], and accordingly, n(x) = n[1 + δ(x)] for the density in real space. In the limit of δ ≪ 1 and |V /(aHx)| ≪ 1, substituting eq. (2.3) into the corresponding continuity equation, i.e. n s (s)d 3 s = n(x)d 3 x, yields
which links the density contrast δ to its counterpart δ s in s-space. Note that the above expression also holds for the corresponding mass density fields if one assumes that mass and galaxies share the same velocity field. The linearized Newtonian equations of structure formation relate the mass density contrast δ m to the divergence of the velocity field. For an unbiased galaxy distribution, i.e. δ = δ m , linear theory leads to the result
Considering a linear bias between δ and δ m , i.e. δ = bδ m , the factor f must be replaced by β = f /b. For simplicity of notation, however, we will set b = 1 for what follows and continue using f rather than β. The velocity field inside the observed survey volume, appearing in the real-space relation given by eq. (2.5), may be decomposed into the sum of two components, v I and v X , which are generated by mass fluctuations inside and outside the survey, respectively. The key point is now that inside the survey volume, we generally have ∇ · V Xx = 0 while ∇ · v X = 0. Therefore, δ s as measured from the survey contains information on the unobserved mass distribution outside the sphere through the term
In the following, we will assume a potential flow such that v = aH(∇φ), i.e. the quantity u ≡ ∇φ = v/(aH) denotes the comoving peculiar velocity in distance units. In terms of φ, the linear velocity-density relation given by eq. (2.4) can be written as
To first order, the spatial derivatives in eqs. (2.4) and (2.5) with respect to either x or s are equivalent, and we also have δ s (s) = δ s (x).
The full-sky case
Consider an all-sky survey limited to an outer radius R. The matter distribution outside the survey volume will generate a peculiar velocity potential φ X which satisfies ∇ 2 φ X = 0 for x < R. However, the term describing the radial part of the Laplacian in eq. (2.7) does generally not vanish for φ = φ X . To make further progress, we expand all relevant fields in terms of spherical harmonics Y lm (x), i.e. φ(x) = l,m φ lm (x)Y lm (x). Introducing the expansion coefficients of the real-space density δ as
we obtain φ
where the constants X lm are given by [13] 
Substituting this result back into eq. (2.7), we therefore arrive at
The dipole term (l = 1), which formally diverges at x = 0, corresponds to the bulk motion of the entire sphere as a result of the gravitational pull caused by external density fluctuations. It can be eliminated by working with redshifts computed with respect to a frame moving with this bulk flow (c.f. ref. [14] regarding the Local Group versus CMB frames). Also, note that an external quadruple moment (l = 2) generates a density which is constant with radius for x < R.
In preparation for the analysis conducted in section 3.2, we will quantify the contribution of v X to δ s in terms of the correlation functions
where ξ δX 12 = δ(x)δ X (y) and vice versa. The above functions emerge when considering the correlation functions of δ s andδ s = δ + δ X , leading to δ sδs = δδ + 2ξ δX + ξ XX . Note that the quantityδ s ignores distortions due to mass fluctuations within R, i.e. it explicitly neglects the contribution coming from V I . Using eq. (3.4), it is then straightforward to show that
Here X 2 l ≡ X 2 lm is the ensemble average of X 2 lm which, as we will see shortly, is independent of m. Squaring X lm as given by eq. (3.3) and averaging the resulting expression yields
Since δ is an isotropic and homogeneous random field, its ensemble average δ lm (a)δ l ′ m ′ (a ′ ) equals zero unless l = l ′ and m = m ′ . Moreover, δ lm (a)δ lm (a ′ ) is independent of m, which implies that this is also true for X 2 lm . Introducing the Legendre polynomials P l and using the addition theorem, i.e. 8) we see that ξ XX depends on x, y, and µ only. Thus we obtain
where
In appendix B, we will derive expressions relating C XX and C δX to the real-space density correlation function ξ = δδ and the power spectrum of density fluctuations.
Two analytic examples
There are two particular functional forms of the underlying real-space correlation function, ξ = δδ , which allow one to obtain closed analytic expressions of the corresponding ξ XX . These special cases will help us understand the nature of ξ XX , its dependence on the size of the survey, R, and the underlying correlation ξ.
To begin with, consider the case ξ = σ 2 0 x 0 /|x − y|. A ξ ∝ 1/x dependence corresponds to a power spectrum proportional to k n , with a power index n = −2. Hence, on the large scales relevant to us, this form of ξ is far from that of the concordance ΛCDM model [15] . Assuming that l ≥ 2, the corresponding X 2 l is then given by (see appendix C)
(3.12)
Substituting the above into eq. (3.9), we find
(3.13)
Note that ξ XX is not isotropic, i.e. it cannot be expressed as a function of the separation |x − y| alone. Settingx ·ŷ = 1 and
The second form of ξ allowing an analytic treatment is ξ(|x − y|) = σ 2 0 x 3 0 /|x − y| 3 . This choice corresponds to a Harrison-Zel'dovich power spectrum P (k) ∝ k, close to what is realized in the standard ΛCDM cosmology on large scales. In this case, we find (again, see appendix C)
which, when inserted into eq. (3.7), implies the presence of a logarithmic divergence in X 2 l as a result of the singularity at a ′ = a. To make analytic progress, we simply approximate the last term in the above equation by an appropriate finite geometric series. Within this approximation, we eventually get
is a general harmonic series evaluated up to some suitable choice of N ≫ 1. These two examples demonstrate the intuitive result that the correlation due to the external term is proportional to the mass correlation function evaluated at a separation equal to the radius of the survey volume.
External contribution for an all-sky survey in the ΛCDM model
To obtain a first rough estimate on how external fluctuations affect finite-size galaxy surveys, we turn to the standard ΛCDM cosmology. Note that any deviations from the standard model on large scales may be gauged accordingly. Considering the analysis below, we will restrict ourselves to the quadrupole and hexadecapole moments of the full s-space correlation function given by 17) respectively, where µ is now defined as the cosine of the angle between the vectors y − x and (x + y)/2, P 2 = (3µ 2 − 1)/2, and P 4 = (35µ 4 − 30µ 2 + 3)/8. Similarly, we compute the momentsξ 2 andξ 4 of the correlation function (δ + δ X )(δ + δ X ) = ξ + 2δ δX + ξ XX , i.e. the correlation function of the previously introduced quantityδ s which excludes distortions due to mass fluctuations inside radius R.
To quantify the effect of the external mass distribution, we compute the ratioξ l /ξ l for l = 2, 4 as a function of separation. The ratios of the quadrupole and hexadecapole moments are a direct measure of the anisotropy induced by external contributions, with a value of zero corresponding to a fully isotropic situation. Also, note that they are by far more sensitive than the ratio of the monopole terms. Indeed, the ratio for the monopole turns out negligible, and we choose not to show it here. For our calculations, we adopt a spatially flat cosmology with best-fit parameters based on the CMB anisotropies as measured by the Wilkinson Microwave Anisotropy Probe (WMAP). Thus we assume a total mass density parameter Ω m = 0.266, a baryonic density parameter Ω b = 0.0449, a value of h = 0.71 for the Hubble constant in units of 100 km s −1 Mpc −1 , a spectral index n s = 0.963, and σ 8 = 0.80 for the root mean square (rms) of linear density fluctuations within spheres of 8h −1 Mpc radius [15] . In addition, we work with a parametric form of the power spectrum which includes features due to baryonic acoustic oscillations [16] . The actual calculation of ξ 2 and ξ 4 is based on the expressions derived in appendix B, setting R = 710h −1 Mpc for the comoving limiting radius of the survey which corresponds to z ≈ 0.175. The results are presented in figure 1 for correlations of pairs x and y with mean distance of |x + y|/2 = 356h −1 Mpc, corresponding to a redshift of z ≈ 0.086. As can be easily seen, the figure confirms the expectation that the impact of V X becomes more significant as one moves to larger separations. The effect of the external mass distribution is more pronounced in the hexadecapole ratio (l = 4) which diverges at ∼ 356h −1 Mpc due to a change of sign in ξ 4 which is calculated from the full correlation function ξ ss . Moreover, we find that |ξ 4 /ξ 4 | remains larger than 0.5 at separations > 400h −1 Mpc. Although the amplitude of the quadrupole ratio is substantially smaller than that of the hexadecapole, it should be pointed out that the quadrupole is likely to be better constrained by observations (see section 4.2).
The distant observer limit
Now we will consider the distant observer limit (hereafter d.o.l.), i.e. a situation in which the survey volume is located at a large distance from the observer such that the line of sight to any galaxy may be identified with a fixed direction chosen here as the x 3 -axis. To make the analytic calculations tractable, we additionally assume that the survey volume is given by a sphere of radius R. The origin of the coordinate system is chosen to coincide with the center of the sphere, and the observer is located at x 1 = x 2 = 0 and x 3 = −∞. Thus x = |x| denotes the distance of a point from the center of the sphere. To begin with, we decompose the velocity field u = ∇φ in terms of vector spherical harmonics which are defined as Y lm = Y lmx and ψ lm = x∇Y lm [17] . 2 This yields
and the line-of-sight component takes the form
where we have introduced µ = x 3 /x. Substitutinĝ
into the above, we obtain
The following orthogonality conditions hold: dΩY lm ·Y * For φ lm = φ X lm = x l X lm , where X lm is given by eq. (3.2), the relation (4.4) reads
Using the definition of Y lm in terms of associated Legendre polynomials P m l and exploiting the recurrence relation
the last equation further simplifies to
with
Similarly, repeating the previous steps yields the induced s-space density contrast δ X as
The explicit dependence on m is a direct consequence of the d.o.l. and the resulting fixed lineof-sight direction. The last two expressions imply that any multipole l of δ X is affected by the l+2 component of the external mass distribution. For example, the quadrupole of the external mass contributes to the monopole of δ X . In the full-sky case with an observer placed at the center of a spherical survey volume, multipoles of the external mass distribution contribute to the internal s-space density distortions at the same level, i.e. there is no "mixing". This behavior can be understood from the different additional density terms associated with the external mass distribution which are ∂(x 2 ∂φ)/x 2 ∂x for the latter case, and d 2 φ/dx 2 3 in the d.o.l. approximation.
External mass contribution for the ΛCDM model in the d.o.l.
As we have seen in the last section, the expressions for δ X in the d.o.l., i.e. eqs. (4.9) and (4.10), involve an explicit dependence on m, which greatly complicates the calculation of the relevant correlation functions and their moments. We therefore resort to a calculation of the moments based on a numerical realization of the random density field, δ, together with the corresponding fields v and δ s . Adopting the same ΛCDM power spectrum as in section 3.2, we generated a linear Gaussian realization of the real-space density field on a cubic grid with 1024 3 grid points, sampling a total volume of (4000h −1 Mpc) 3 . The corresponding velocity field inside the whole box was obtained using linear theory with f = 1 and assuming periodic boundary conditions. This velocity field is used to recover the s-space density δ s = δ−du 3 /dx 3 inside the box, where as before, the line-of-sight direction is assumed as parallel to the the side. At each grid point in any of the sub-boxes, the real-space density is taken from the corresponding point in the whole box. However, we now consider two estimates of the s-space density. The first is simply δ s computed from the whole box as described above. The second estimate is obtained as follows: for each sub-box, we compute the velocity field assuming zero padding of the sub-box inside the whole box, but still imposing periodic boundary conditions on the whole box. This velocity field is used to compute the s-space density δ s zp inside the sub-box. After this step, we proceed with computing the correlation functions in the subboxes for the s-space densities obtained with and without zero padding. The correlation functions are obtained by directly averaging over pairs in each sub-box, as a function of the line-of-sight and projected separations. Finally, the quadrupole and hexadecapole moments are found by means of direct numerical integration over the angle between the separation vector and the line-of-sight direction. Figure 2 shows the relative difference of the moments computed with and without the contribution of external mass fluctuations. It is important to note that the ratios ∆ξ l /ξ l in this figure have a different meaning from the results plotted in figure 1 . For technical reasons, the calculated moment ratios in figure 1 are based on the full ξ ss (including external and internal contributions) and the correlation function ofδ s which has zero contribution from the velocity field generated by the internal mass density. Moreover, figure 1 only refers to pairs of points with a mean distance of 356h −1 Mpc while all pairs are included in the calculation of moments used in figure 2 .
Instead of illustrating the relative differences for each sub-box individually, figure 2 shows the mean and 1σ rms scatter of the ratios obtained from the 8 sub-boxes. Again, we find that the effect is more pronounced in the hexadecapole as compared to the quadrupole moment. Since the volume of each sub-box is comparable to the effective volume of planned and ongoing redshift surveys, the resulting scatter of a few percent and more should appropriately reflect the expected additional contribution due to the externally sourced field δ X in a ΛCDM cosmology.
Detecting external mass contributions in next-generation surveys
In this section, we will address whether the contribution due to external mass fluctuations will become detectable by directly measuring the quadrupole and hexadecapole moments in future galaxy redshift surveys. Using the d.o.l. approximation, we start by writing the multipole moments of the s-space correlation function as [18] 
where we have again set b = 1 (see section 2). Considering a finite survey volume V , multipole moments of ξ ss are typically computed from previous estimates of the full correlation function. The noise σ ξ l associated with a measurement of ξ l can be calculated in terms of the covariance between the corresponding power spectrum multipoles, i.e.
Here ∆P ss
, the estimator of the multipole P ss l isP ss l (k) (see appendix D), and j l are the usual spherical Bessel function of the first kind. Accounting for shot noise and assuming that fluctuations of the density field on the large scales we are concerned with here are governed by Gaussian statistics, the above expression takes the form (again, see appendix D)
where we have defined
As examples for future large (spectroscopic) redshift surveys, let us consider the planned BigBOSS experiment [19] and the Euclid spectroscopic survey [20] . Based on the ground, the first one will observe around 20 million galaxies up to z ∼ 1.7 over more than 30% of the sky. Covering a similar fraction of the sky, the number of Euclid galaxies with redshifts 0.7 < z < 2.0 is even expected to be as high as ∼ 10 8 . For simplicity, we choose single redshift bins with 0.5 < z 1 < 1.3 and 0.7 < z 2 < 1.6 for BigBOSS and Euclid, respectively. Figure 3 shows the expected σ ξ l /ξ l ratios for both the quadrupole (solid lines) and the hexadecapole (dashed lines). Note that the results assume a density smoothing scale of R s = 100h −1 Mpc to reduce the noise contribution from smaller scales which are not relevant to the signal from external fluctuations. Concerning the actual calculation, we have adopted mean bin redshifts (number densities) of z 1 = 0.89 (n 1 = 5.89 × 10 −4 h 3 Mpc −3 ) and z 2 = 1.07 (n 2 = 1.44 × 10 −3 h 3 Mpc −3 ) which are based on the expected reference distributions given in [19] and [21] . For computing the power spectrum, we have again used the ΛCDM cosmology introduced in section 3.2. Figure 3 . Expected noise-to-signal ratios σ ξ l /ξ l for the two bins described in the text: assuming a density smoothing scale of R s = 100h −1 Mpc, the ratios for the quadrupole and hexadecapole are shown as solid and dashed lines, respectively. The adopted redshift bins at z 1 = 0.89 (for BigBOSS) and z 2 = 1.07 (for Euclid) correspond to thin and thick lines, respectively.
Looking at the results of figure 3 , we see that the quadrupole at 200-250h −1 Mpc should be constrained up to 6-10% and 5-8% in the two different bins. Comparing this to figure 2, there is a good chance of detecting signatures of external fluctuations on this scale which could amount to relative deviations of up to roughly 10-20%. In particular, this should be true if one considers the ratio to the monopole, which further decreases the errors by alleviating the dominant contribution of cosmic variance. As for the hexadecapole moment, the situation is much worse. The noise level at separations r > 150h −1 Mpc already makes up more than 50% and reaches 90-100% at r ∼ 300h −1 Mpc. Unless the external fluctuations cause deviations significantly above the 100% level, this makes their detection through the hexadecapole very hard to virtually impossible. Again, looking at ratios of multipole moments might change the prospects of detecting a corresponding signal for the better.
While the above is complete at the linear level, nonlinear clustering introduces uncorrelated virial motion which may not be negligible, even at very large separations [9] . This gives rise to a scale-and angle-dependent suppression of the s-space power spectrum relative to the Kaiser approximation [6] . Consequently, there will be corrections to the multipole moments ξ l calculated from eq. (4.11) which might be large enough to hide any effects due to external fluctuations. A brief calculation shows that these nonlinear corrections do not pose a problem for our previous findings on ξ 2 since they remain smaller than 0.2-0.3% at separations 200h −1 Mpc. As for the hexadecapole ξ 4 , the relative differences are probably much larger on these scales, in which case the apparent remedy is to include nonlinear contributions as accurate as possible when modeling redshift space distortions. Similarly, other effects which have an impact on the s-space correlation function such as nonlinear (or scale-dependent) galaxy biasing and magnification bias [22, 23] should be taken into account within a full clustering analysis. Generated by gravitational lensing effects along the line-of-sight, the latter interestingly also leads to additional anisotropies in the observed correlation function. As opposed to the contribution of external fluctuations, characterized by a specific dependence on the distance from the survey center, the changes due to magnification bias are strongest in the line-of-sight direction, possibly allowing one to separate the two effects in a given data set.
Possible implications for power spectrum analysis
In Fourier space, the linear real-space relation between the density, δ, and the velocity potential, φ, is given by k 2 φ k = f δ k . In the d.o.l., this relation gives δ T k = k 2 3 φ k = f (k ·x 3 ) 2 δ k as the Fourier space equivalent of δ T = −du 3 /dx 3 . Therefore, it follows that
where µ k =k ·x 3 and we have ignored corrections due to small-scale incoherent motions. Usually, δ s k is estimated by applying the Fast Fourier Transform (FFT) on data points in a box which is embedded in the survey region. Since the FFT employs periodic boundary conditions, eq. (5.1) turns into
for Fourier modes which are computed with the FFT. Here φ X k is the Fourier transform of the velocity potential induced by mass fluctuations external to the box. The other term on the right-hand side of eq. (5.2) represents modes inside the box which in addition to δ k , also comprise the distortion term f µ 2 k δ k . It is crucial to note that φ X (x) can be captured extremely well by the FFT inside the box. After all, this transform is just a linear mapping between two sets of numbers. Since the FFT of ∇ 2 φ X is −k 2 φ X k does obviously not vanish, however, we conclude that φ X k simply cannot yield ∇ 2 φ X = 0. This is a subtle point regarding the use of FFTs, and we encourage the reader to consult the mathematical literature for additional insight. Therefore, using eq. (5.2) to infer f from redshift distortions without the term involving φ X k is strictly incorrect. As we have seen from the previous sections, the term δ X could change the quadrupole and hexadecapole moments in the ΛCDM model by a few per cents. Since the monopole remains basically unaffected, this should also hold true for the corresponding multipole ratios. Although we do not provide a rigorous calculation, we thus expect that neglecting the term φ X k could change the estimate of f also by a few per cents or so. Clearly, future work should address this particular question in more detail.
Discussion
Among other successes, the standard ΛCDM cosmology has proven remarkably consistent with large-scale observations of the galaxy distribution and the temperature fluctuations of the CMB [e.g. 24, 25] . Nonetheless, anomalies in the temperature spectrum persist [e.g 26], which may or may not indicate the need for modifications of the basic paradigm. Measured anisotropies in the CMB temperature map originate from fluctuations at the last scattering surface at high redshift and cumulative effects along the traveling path of photons. Despite their impressive precision measurements, however, CMB anisotropies may still miss important information regarding density fluctuations on scales larger than those dictated by the size of redshift surveys.
In this work, we argue that such super-survey scales may actually be probed by the redshift space density obtained from the distribution of galaxies in the redshift surveys. This information could, in principle, be used as a probe of both fluctuations on super-survey scales and the fundamental theory of structure formation on large scales. Within the standard paradigm of structure formation, external fluctuations induce a velocity potential of the form x l Y lm (x) inside a given survey volume and thus lead to additional anisotropies in the observed correlations. The specific dependence on the distance x from the survey center could be used to extract information by either directly fitting these functional forms to the redshift space density field or by measuring the correlation functions at various depths.
Standard methods for estimating the growth rate from redshift space distortions are based on theoretical relations and numerical results which either assume a survey of infinite size or a periodic box where the density fluctuations responsible for the velocity field are all contained within the survey volume. The effect of a velocity field generated by external fluctuations is not explicitly included in these relations, which could lead to a non-negligible uncertainty in the estimates of the growth rate.
The analysis presented here is mostly relevant for future large galaxy surveys such as BigBOSS [19] and the Euclid mission [20] in which the correlation functions on large scales can be estimated to very high accuracy due to the large number of available galaxies.
A Solution of the linear velocity-density relation in terms of spherical harmonics
For distinguishing between internal and external contributions to φ, it turns out suitable to express the angular dependence of φ(x,x) in terms of spherical harmonics Y lm . We therefore expand
and write the well-known solution to Poisson's equation
is the explicit contribution from mass fluctuations outside the considered volume, i.e. x > R.
B Computing redshift space correlations for generic power spectra
We start from [7] ,
where we have used m Y lm (x)Y * lm (ŷ) = (2l + 1)P l (x ·ŷ)/4π and e ik·x = 4π
To evaluate the term X 2 l in eq. (3.7), we further need
where the last step results from averaging the product of Y lm 's over all 2l + 1 m-dependent terms to get P l (µ ′ )/4π with µ ′ =â ·â ′ . Substituting eq. (B.1) into the above and using the orthogonality relation dµ ′ P l P l ′ = 2δ K ll ′ /(2l + 1), one obtains
Hence, we arrive at
where we have exploited that
Similarly, one finds
which may be used to evaluate the expression for C δX l given by eq. (3.11). In the following, we wish to estimate the amplitude of δ s δ s , i.e. the s-space correlation function, including the contribution from both internal and external fields. Let
be the full contribution to s-space distortions from the entire space. Expanding −f δ = ∇ 2 φ in terms of Y lm yields
and thus we obtain δ
Using that δ s = δ + δ T , we now seek an expression for ξ ss (x, y) = δ s (x)δ s (y) . To this end, we write ξ ss (x, y) = 1 4π
(B.12)
Considering this result, one should note that φ ∝ f if expressed as a solution to −f δ = ∇ 2 φ. The first term, i.e. δ lm (x)δ lm (y) , is given by eq. (B.4), and similar steps as above eventually lead to
where we have used Here we provide details concerning the calculation of the two analytic examples discussed in section 3.1. For the first example, i.e. ξ ∝ 1/|x − y|, we have
Substituting the above into eq. (B.3) immediately yields
Using this result in eq. (3.7) and replacing the double integral over the whole plane (a, a ′ ) with twice the integral over the half-plane (a ′ < a), one obtaines
To deal with the second case, ξ ∝ 1/|x − y| 3 , we write
where the last step explicitly assumes a ′ < a and µ =â ·â ′ . Introducing ||P l || as the usual norm over the interval [−1, 1] and using the well-known recurrence relation 
D Expected covariance of multipole estimators
To evaluate the integral expression in eq. (4.12), we follow the lines of [4] and start from the estimator of the s-space power spectrum multipole P l (k) (omitting any additional superscripts for brevity of notation)P l (k) = (2l + 1)V 4π dΩ k P l (µ k ) δ k δ −k , (D.1) where
2) µ k = k 3 /k is the cosine of the angle between the line of sight and the wave vector, and the volume V has been divided into infinitesimal cells with occupation numbers N i = 0, 1, i.e. the probability of finding more than one galaxy in a cell is an infinitesimal of higher order. Using N 2 i = N i = nδV i and N i N j = n 2 δV i δV j (1 + ξ ij ), one immediately verifies that the expectation value ofP l (k) is given by [cf. 27] Restricting the choice of l to positive even numbers, the continuum limit of eq. (D.3) further yields P l (k) = 2l + 1 4π
ThusP 2 (k) andP 4 (k) are unbiased estimators of the quadrupole and hexadecapole of the s-space power spectrum P (k). To compute the covariance
we consider the expression
As before, eq. (D.7) may easily be recast in terms of sums over correlation functions. Assuming that the density contrast is a Gaussian random field, the case of no overlapping indices leads to
which gives the usual result due to cosmic variance. All remaining configurations contribute to shot noise and can be evaluated in a similar fashion [4, 28] . Putting everything together and taking the continuum limit, one eventually obtains to leading order in (nV ) −1
where we have used µ 2 k = µ 2 −k and the Kaiser relation P (k) = (1 + f µ 2 k ) 2 P (k) for b = 1. Remembering that P l (µ −k ) = (−1) l P l (µ k ) and carrying out the integral over dΩ k ′ , one arrives at 10) with l assumed as even and C ll ′ defined in eq. (4.14). Inserting this result into eq. (4.12) and integrating over d 3 k ′ , one finally ends up with the expression given by eq (4.13).
